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Abstract
Brillouin scattering is a nonlinear process that arises from the interaction between optical
and acoustic waves. This effect has been widely studied in standard single-mode fibers
and more recently in a variety of photonics microstructures. The ability to fabricate
structures that can confine both optical and acoustic waves in sub-wavelength dimensions
has created new opportunities to study the photon-phonon interaction. One particular
aspect that becomes important in high-confinement systems is the effect of shifting
boundaries, in addition to the better-understood elasto-optic effect. Silica microwires
are ideal systems to study these effects. First, when its diameter is smaller than the
wavelength, the electric field overlaps strongly with the waveguide surface. Second, the
air-silica interface presents high index contrast, which enhances scattering due to shifting
boundary effect. Finally, the simple cylindrical geometry allows analytical calculation
of Brillouin scattering efficiency considering both elasto-optic and shifting-boundary
perturbations.
In this thesis, we studied theoretically and experimentally Brillouin scattering in sil-
ica microwires. Samples with diameter ranging from 0.6 to 3 µm were fabricated and
characterized using heterodyne detection for both backward and forward Brillouin scat-
tering. For forward Brillouin scattering, we used a pump and probe technique to induce
impulsive excitation of acoustic modes near cutoff. Scattering due to Rayleigh acoustic
waves was observed and extensively characterized. These waves are particularly inter-
esting as most of the acoustic energy is concentrated close to the waveguide surface,
therefore enhancing the shifting boundary contribution. Theoretically, we developed
extensive studies of optical and acoustic modes in cylindrical geometry, and applied
coupled-mode theory to calculate the scattering efficiency for each acoustic mode. A
study of the scattering efficiencies as a function of diameter was performed, leading to
a better understanding of the mechanisms that determined the evolution of the Bril-
louin spectrum. Finally, we were able to identify modes in which the scattering process
is dominated by shifting-boundary effect and modes in which elasto-optic dominates.
This understanding may help design structures in which these effects add or cancel each
other, and can be used as another mechanism to control Brillouin scattering process.
Keywords: Brillouin Scattering, Silica Tapers.
Resumo
O Espalhamento Brillouin é um processo não linear oriundo da interação entre ondas
ópticas e acústicas. Este efeito foi amplamente estudado em fibras mono-modo e mais
recentemente em uma grande variedade de micro-estruturas fotônicas. A habilidade
de se fabricar estruturas que podem confinar ambas as ondas ópticas e acústicas em
dimensões menores que o comprimento de onda criou novas oportunidades de se estudar
a interação fóton-fônon. Um aspecto em particular que se torna importante em sistemas
de alto confinamento é o efeito de deslocamento de borda (Shifting-Boundary), além do
efeito Elasto-Óptico, mais bem entendido. Micro-fios de Sílica são ideais para estudar
estes efeitos. Primeiro, quando seu diâmetro é menor que o comprimento de onda, o
campo elétrico na superfície do guia de onda aumenta significativamente. Em segundo
lugar, a interface ar-sílica apresenta um alto contraste de índice de refração, o que
aumenta o espalhamento devido ao efeito de deslocamento de borda. Finalmente, a
geometria cilíndrica simples permite um cálculo analítico da eficiência do espalhamento
Brillouin, considerando as perturbações tanto Elasto-Ópticas como de Deslocamento de
Borda.
Nesta tese, estudamos teórica e experimentalmente o espalhamento Brillouin em micro-
fios de Sílica. Amostras com diâmetros de 0.6 a 3 µm foram fabricadas e caracterizadas
utilizando um sistema de detecção heteródina para os espalhamentos co-propagante e
contra-propagante. Para o espalhamento Brillouin co-propagante, usamos a técnica de
bombeio e prova para induzir excitação impulsiva dos modos acústicos próximos da
frequência de corte. Espalhamento devido a ondas acústicas do tipo Rayleigh foi obser-
vado e extensivamente caracterizado. Estas ondas são particularmente interessantes, já
que a maior parte da energia acústica é concentrada próxima da superfície do guia de
onda, o que aumenta a contribuição do efeito de Deslocamento de Borda. Desenvolve-
mos estudos teóricos extensivos dos modos ópticos e acústicos na geometria cilíndrica, e
aplicamos a teoria de modos acoplados para calcular a eficiência de espalhamento para
cada modo acústico. Um estudo da eficiência de espalhamento em função do diâmetro
foi feito, ajudando a entender melhor os mecanismos que determinam a evolução do
espectro Brillouin. Finalmente, fomos capazes de identificar modos nos quais o processo
de espalhamento é dominado pelo efeito de Deslocamento de Borda, e modos nos quais
o efeito dominante é o Elasto-Óptico. Este entendimento pode contribuir no projeto de
estruturas nas quais estes efeitos são somados ou cancelados, e pode ser usado como
outro mecanismo para controlar o processo de espalhamento Brillouin.
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Chapter 1
Introduction
Leon Brillouin was the first to theoretically predict that thermally generated sound waves
in transparent media were capable of scattering incident light with a frequency shift [1].
In his doctoral thesis in 1920, he stated that sound waves in a medium, contributes to
the generation of two new spectral components, stokes and anti-Stokes waves by means
of an inelastic process. This process has been called Brillouin scattering and the fre-
quency shift is called Brillouin frequency. Later, in 1960s, with the invention of laser, it
was possible to obtain the intensities and shapes of the various scattering frequencies for
different materials [2], which resulted in the characterization of acoustics and thermo-
dynamic properties like sound velocity, elastic constants and isothermal compressibility.
Since then, researchers are currently investigating many effects and applications of Bril-
louin scattering in different fields, like optical fibers and communications [3–5], on-chip
Brillouin scattering [6, 7], Brillouin laser and sensors [8, 9] among others.
Until recent, most studies on Brillouin scattering have considered the elasto-optic effect
(eo) as the only source of dielectric perturbation. Perhaps the most widely studied case
is the stimulated Brillouin scattering in optical fibers. In this case, an acoustic wave
propagating down the fiber length causes a perturbation in the dielectric constant and
scatters light in the backward direction. However, the ability to confine light in small
scales, even smaller than the wavelength, has opened the possibility to study boundary
effects. An infinitesimal boundary displacement in a high index contrast system creates
a significant change in the refractive index near the boundary. This is not relevant in
conventional optical fibers because the index difference between core and cladding is
small (<1%), and the field is concentrated in the center of the core, decaying rapidly at
the core-cladding interface. A significant contribution of the shifting-boundaries effect
(sb) to the scattering process is obtained not only ensuring a high index contrast at
boundaries, but also the electric field on the surface must be comparable to the field
18
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inside the waveguide core. This can be achieved in many structures and materials.
For example, in [10], a rectangular waveguide of 450×230 nm cross section and 4-cm
long, fabricated of Si (n = 3.44) and surrounded by air (n = 1.0) is used to obtain a
highly efficient overlap between near-infrared light and 9.2 GHz acoustic phonons. The
contribution of both elasto-optic and shifting-boundary effects have been considered in
this case. It is possible to take advantage of the coherent interference between both
sources of scattering to gain new degree of freedoms of tailoring light scattering in micro
and nanostructures [11–14], which can be used as a selection rule for excite or suppress
acoustic modes.
Brillouin scattering arising from hybrid modes has been reported in several devices
[15–18], but in some cases, acoustic waves can propagate with phase velocity slower
than shear and longitudinal velocities. These waves, known as Rayleigh waves, have
been recently observed experimentally in silica microwires [19] and their most notorious
characteristic is that almost all the acoustic energy is concentrated near the surface of
the waveguide. Therefore a slight displacement of the surface, leads to a significant
change in the effective dielectric constant, making the shifting-boundary effect impor-
tant, even dominant, in the sub-wavelength regime. However, the interplay between
the elasto-optic and shifting-boundary effects has not been explored. In this thesis, we
theoretically demonstrate the significant contribution of the shifting-boundary effect to
the scattering process induced by Rayleigh waves. This statement is supported by ex-
perimental results using samples with different diameters ranging from 0.6 µm to 2 µm,
showing an excellent match between experimental and theoretical results. Our results
have contributed to a deeper understanding of the interaction between photons and
acoustic phonons, taking into account both the eo and sb effects.
1.1 Silica microwires
The most attractive characteristic of silica microwires for our work is that they support
Rayleigh waves; it means waves propagating along the surface of the microwire. They
are also relatively simple to fabricate in comparison with other highly confining struc-
tures that require more sophisticated fabrication techniques [20, 21]. The samples were
fabricated by the well-known heat and brush technique using a single mode optical fiber
[22, 23]. Figure 1.1 shows the general scheme of a silica microwire. The central region
is called the taper waist whereas the conical tapered sections connecting the waist with
the unstretched fiber are denominated transition regions.
The transition region transforms the fundamental core mode of the single mode fiber into
a mode that propagates near the silica-air interface of the waist, because the doped core
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Figure 1.1: Scheme of silica microwires fabricated using the heat-brush technique.
T.R.: transition region.
of the fiber disappear as the diameter is reduced. For this reason, a fine control of the
transition region is required to ensure an adiabatic transformation of the propagating
mode [24–26]. Within the wide range of applications, tapers are broadly used as sensors
[27, 28] and in optical fiber communications, for coaxial mode coupling [29, 30], beam
expanding [31], and switching [32]. Tapers are also used for enhancing nonlinear effects
[33, 34], which is the most important application for our work.
All the fabricated samples had to be protected into a closed box as illustrated in Fig-
ure 1.2, due to the optical transmittance degradation in tapered fibers caused by the
dust particles [35]. The picture shows a silica microwire with a 0.8 µm of diameter
illuminated with a laser emitting at 635 nm. The samples were fabricated with a waist
length of 8 cm and transition regions of 5 cm on each side approximately. Paulo F.
Jarschel was the responsible for the fabrication of all microwires.
Figure 1.2: Image of a taper of 0.8 µm of diameter being illuminated by a laser of 635
nm. The sample is inside a protective box
Figure 1.3 shows an image of a silica microwire using Scanning Electron Microscopy
(SEM). The picture was taken by Paulo F. Jarschel at the Semiconductors Components
Center (Centro de Componentes Semiconductores, CCS) at UNICAMP.
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Figure 1.3: Image of SEM for a silica microwire taken at UNICAMP.
1.2 Contents
Chapter 2 presents a basic theoretical treatment of light propagation in cylindrical
waveguides. Starting from the general Maxwell equations and then solving the elec-
tromagnetic wave equation for two different geometries, called Rod and Tube. The main
goal of this chapter is to obtain the optical modes of both geometries. It is the first step
toward analyzing theoretically the Brillouin scattering process.
The fundamentals of mechanical wave propagation in cylindrical waveguides is analyzed
in Chapter 3, starting from the Newton and Hooke laws to find the acoustic wave
equation. Results for Rod and Tube geometries are presented. The special case of
Rayleigh waves is discussed.
In Chapter 4, a description of Brillouin scattering process is given. The phase-matching
conditions for forward and backward scattering are derived applying the principles of
energy and momentum conservation. Both, coupled mode theory and perturbation
theory are employed in this chapter in order to obtain the coupling coefficients for the
Brillouin scattering caused by acousto-optic and shifting-boundaries effects.
Finally, the experimental results for the forward and backward experiments as well as
a detailed description of the experimental setups used for measurements are presented
in Chapter 5 . A comparison between the theoretical results for the scattering process
obtained in Chapter 4 and the experimental results is performed.
Appendix A presents the characteristic matrices for the optical eigenvalue problem for
both, Rod and Tube geometries, while in Appendix B, the characteristic matrices for
the acoustic eigenvalue problem for Rod and Tube are derived. Appendix C presents
in more detail the Maxwell’s equations for a dielectric medium. Appendix D presents a
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brief summary of the coupled mode theory and Appendix E presents the normalization
of acoustic fields.
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Part of the work done in this thesis was accepted in two international conferences:
LAOP 2014, oral presentation:
• Omar Florez, Paulo F. Jarschel, Claudia M. Serpa, Cristiano M.B. Cordeiro and
Paulo Dainese, Brillouin scattering in silica microwires, Latin America Optics
& Photonics Conference. 16-21 November 2014. Cancun, Mexico. Website:
http://www.opticsinfobase.org/abstract.cfm?uri=LAOP-2014-LTh2A.3
CLEO/Europe-EQEC 2015, poster presentation:
• Omar Florez, Paulo F. Jarschel, and Paulo Dainese, Diameter characterization
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Lasers and Electro-Optics and the European Quantum Electronics Conference
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Chapter 2
Optical Modes in Silica
Microwires
2.1 Introduction
A detailed understanding of optical modes in waveguides is of fundamental relevance
in this study. In order to develop this understanding, we analytically obtained the
optical modes for two specific geometries. We start with basic Maxwell’s equations
for a harmonic field, derive the wave equation, solve it in cylindrical coordinates, and
finally apply boundary conditions to obtain the dispersion relation for each optical mode.
Analytical expressions for the electric fields are obtained and the dispersion relation is
solved numerically. In particular, we identify the conditions in which the electric field
is intense on the waveguide surface. It allows us to evaluate the contribution of two
different effects to the scattering process: elasto-optic and shifting-boundaries.
2.2 The eigenvalue problem
The derivation of the wave equations for the electric and magnetic fields from Maxwell’s
equations is given in Appendix C. For a linear and homogeneous media, assuming har-












~H = 0. (2.2)
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Where ~E and ~H are the electric and magnetic field respectively, n is the refractive
index of medium and c is the speed of light at vacuum. We want to find solutions
for electromagnetic waves propagating in waveguides with cylindrical geometry. For
this reason we can assume solutions with harmonic time dependence and translational
invariance (eβz−ωt), and divide the fields into transverse and longitudinal components
to write
~E (r, φ, z, t) =
[
~Et (r, φ) + ~Ez (r, φ) ẑ
]
ei(βz−ωt), (2.3a)
~H (r, φ, z, t) =
[
~Ht (r, φ) + ~Hz (r, φ) ẑ
]
ei(βz−ωt), (2.3b)
where ω is the angular frequency and β is the propagation constant of the traveling





 = 0, (2.4)
where the Laplacian was split into its longitudinal and transverse components as ∇2 =









Figure 2.1: Representation of transverse wavevector γ and the propagation constant β.
Eq. 2.4 alongside with the boundary conditions for ~E and ~H completely determines the
eigenvalue problem.
2.3 Boundary conditions
The boundary conditions are derived directly from Maxwell’s equations [36, 37]. Apply-
ing the divergence theorem to Maxwell’s equations C.1 and C.2, we get∮
S
~D · n̂da = 0, (2.6)
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∮
S
~B · n̂da = 0. (2.7)
Evaluating these equations in an infinitesimal Gaussian pillbox placed between two dif-




· n̂ = 0, (2.8)(
~B2 − ~B1
)
· n̂ = 0, (2.9)
Therefore, we conclude that the normal components of ~D and ~B must be continuous at
the interface between two dielectric media.
(a) (b)
Figure 2.2: (a) Gaussian pillbox and (b) Stokesian loop at the boundary of two media.
Applying now the Stokes’s theorem to C.3 and C.4, we get
∮
C


















Evaluating this equations in an infinitesimal Stokesian loop placed between two different











and consequently, the tangential components of ~E and ~H must be continuous at the
interface between the two dielectric media.
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2.4 Cylindrical microwires
Analytical solutions were developed for the two specific geometries shown in Figure 2.3.
The first is a simple step index solid cylinder while the second is a tube. We refer
to these structures as Rod and Tube, respectively. The refractive index profiles are
also illustrated in Figure 2.3. For our purpose, we consider air (with refractive index
nair = 1) as the cladding material, as well as the material inside the tube inner hole.












Figure 2.3: Rod and Tube microwires with index profile
The experimental results presented in this thesis correspond to the rod geometry with
diameters around 1 µm. The second geometry was studied simply to further develop
our understanding of acoustic and optical modes. Initially, we intended to fabricate
microtubes structures, however that was not pursued as we concentrated our work in
silica microwires (rod geometry).
2.5 Separation of variables
The solutions for the fields are written in cylindrical coordinates and we use separation
of variables to obtain: E
H
 (r, φ) = R (r)h (φ) . (2.14)
Combining Eq. 2.14 and Eq. 2.4, the azimuthal equation acquires the form of
d2h (φ)
dφ2
+ ν2h (φ) = 0, (2.15)
with solution simply:
h (φ) = eiνφ. (2.16)
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Rν (γr) = 0. (2.17)
The solutions for this equation are known as Bessel polynomials and modified Bessel
polynomials (Figure 2.4). The appropriate choice depends on whether the transverse
wave vector γ is real or imaginary. Guided solutions require that γ to be real in the silica
layer and imaginary in the other layers (this is equivalent to say that the effective index,
defined as β/k, is between nco and nair). For r > b (γ ∈ I), we want solutions that
quickly decay with increasing r. Therefore solutions will be expressed in terms of Bessel
K functions. For the core in the rod (γ ∈ R) and hollow in the tube (γ ∈ I), we want
to find solutions that are not infinite for r = 0. Then solutions are expressed in terms
of Bessel J functions for rod and Bessel I functions for tube geometries. Because there
are no restrictions in silica layer for tube geometry (γ ∈ R), we can express solutions in
terms of Bessel J and Bessel Y functions.


























Figure 2.4: (a) Bessel functions J(x), Y (x) and (b) modified Bessel functions I(x),
K(x).
Summarizing, for the Rod case we have
Ez(r, φ) =
A1Jν (γcor) cos(νφ) 0 < r < bA2Kν (γairr) cos(νφ) r > b , (2.18a)
Hz(r, φ) =
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and for the Tube case we have
Ez(r, φ) =

A1Iν (γairr) cos(νφ) 0 < r < a
[A2Jν (γcor) +A3Yν (γcor)] cos(νφ) a < r < b




B1Iν (γairr) sin(νφ) 0 < r < a
[B2Jν (γcor) +B3Yν (γcor)] sin(νφ) a < r < b
B4Kν (γairr) sin(νφ) r > b
, (2.20b)
again, γco and γair are determined by Eq. 2.19a and Eq. 2.19b respectively. Solutions
of Eq. 2.4 are expressed just in terms of the longitudinal fields because the transversal











β∇tHz − ωε0n2ẑ ×∇tEz
]
. (2.22)
These expressions can be deduced separating Maxwell’s equations C.9 and C.10 into
transverse and longitudinal components.
The set of constants Ai, Bi of Eq. 2.18 and Eq. 2.20 are found by applying continuity of
the tangential fields ( ~Ez, ~Hz, ~Eφ, ~Hφ) at r = b for the Rod case, and at r = a, b for the




 = 0. (2.23)
Non trivial solutions for this system can be found setting det(M) = 0. The matrices M
for the Rod and Tube case are given in Appendix A.
2.6 Notation of modes
From Eq. 2.17 we can see that for each value of ν, we obtain different solutions that
satisfy Eq. 2.22; these solutions form an orthogonal set and are called modes of the
waveguide. These modes are classified as follow:
• TE (Transverse Electric) with ~Ez = 0.
• TM (Transverse Magnetic) with ~Hz = 0.
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• TEM (Transverse Electric Magnetic) with ~Ez = ~Hz = 0.
• EH/HE (Hybrid modes) with ~Ez 6= 0, ~Hz 6= 0.
The difference between EH and HE modes depend on the dominant component of the
longitudinal electromagnetic field [38, 39]; EH for a stronger component of ~Ez and HE
for a stronger component of ~Hz. Here, we will denote all the hybrid modes as HEνm
where ν is the azimuthal index and m denotes the different roots for a particular value
of ν.
In the Rod geometry, the only way to fulfill the continuity of the tangential fields ~Hz
and ~Hφ for TE modes and ~Ez and ~Eφ for TM modes is when ν = 0 [39], so we can
just have only one family of modes TE noted TE0m and one family of modes TM noted
TM0m. Summarizing:
• TE and TM modes have azimuthal symmetry (ν = 0).
2.7 Normalized parameters




k2n2co − β2, (2.24)
W = b
√
β2 − k2n2air; (2.25)
where k = 2π/λ is the wavenumber and λ is the free-space wavelength. U and W
are denominated normalized wavenumbers for the core and air (surrounding medium of




n2co − n2air, (2.26)
denominated normalized frequency or waveguide parameter. The refractive index nco









which is called profile height parameter. For the Tube microwire, we can define the
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Now the eigenvalue problem stated in Eq. 2.23 can be solved in terms of U , W , V , as
long as ∆, and R are specified.
2.8 Dispersion Curves
We implemented a code in Mathematica® to solve Eq. 2.23 in terms of U and V for a
given ∆. Figure 2.5 shows the solutions or dispersion curves U Vs. V for HE, TE and
TM modes in the Rod geometry. The same color curves denote modes with the same
azimuthal index ν and the discoloration denotes the different solutions for the same
family, going from the darkest to the lightest in ascending order. We can see that for
V < 2.405, there is just one solution. Vc = 2.405 is called normalized cutoff frequency
and denotes the limit value for a single mode waveguide.














Figure 2.5: Dispersion curves from HE, TE and TM modes in the Rod geometry.
nco = 1.444, nair = 1.0 and ∆ = 0.2602
From values of U , we can recover the propagation constant or eigenvalue from each mode





This quantity is also called mode index and is a measure of mode confinement. Figure
2.6 show neff Vs. V for HE1m modes in both geometries, taking b = 1µm, a = 0.5µm
for the Tube. From these charts we can see how fields are less confined in the Tube
because of the smaller cross-sectional area of the core.
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Figure 2.6: Effective refractive index neff in terms of the normalized frequency V for
HE1m modes in a Rod microwire with b = 1µm (blue) and a Tube microwire with
b = 1µm and a = 0.5µm (red). nco = 1.444, nair = 1.0.
In order to see how the light confinement depends on the inner hole radius in tube
geometry, Figure 2.7 shows the effective index as a function of V for different values of
R = a/b, ranging from 0.1 to 0.9 for the fundamental mode HE11 and b = 1µm. As R
tends to zero, neff will have the same behavior that the Rod geometry (darker blue line
in Figure 2.6).
Figure 2.7: Effective refractive index neff as a function of the normalized frequency V
for different values of R = a/b in the Tube geometry. ∆ = 0.2602.
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2.9 Poynting vector and power flow
The energy flux of an electromagnetic field is determined by the Poynting vector, ~S, as
~S = ~E × ~H, (2.30)
and has dimensions of power/area (Wm−2). We are considering modes traveling along
z; for this reason, the only component of the Poynting vector that indicates a net flux
is the z component. Thus applying the Poynting’s theorem for harmonic fields, we can













The total power flow of each mode is determined by the integral of the Poynting vector




~Sz · ẑda. (2.32)
2.9.1 Fraction of the modal power
We can define a parameter to relate the fraction of power carried in each region of the








where i indicates the region in which we want to know the relative power, in our case,
it could be the inner hole, core or the surrounding medium of the microwire (air).
2.10 Field distribution
Figure 2.8 shows the distribution of the transverse electric field (vector lines), for the
HE11 mode in a Rod microwire with b = 0.5µm (Figure 2.8a) and a Tube microwire with
b = 0.5µm and a = 0.25µm (R = 0.5) (Figure 2.8b), with λ = 1.55µm, nco = 1.44 and
nair = 1.0. The color scale denotes the magnitude of the normalized Poynting vector.
In these charts, we can see the discontinuity of electric field when it is normal to surface
and the continuity when it is tangential to the surface (x = 0, y = ±1), as expected.
From Figure 2.8b is evident that the highest intensity of electric field is within the hollow
cavity. This suggests that there is a dependence between the core and inner hole radius
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(a) (b)
Figure 2.8: Distribution of Et (arrows) for: (a) Rod and (b) Tube wires. The color
scale represents energy distribution (Poynting vector).
for the energy distribution inside the waveguide. Figure 2.9 shows the mode profile
for both geometries; once again, we can see the discontinuity of the radial field at the
boundary of each layer. In Figure 2.9a we can see that for small values of core radius,
the electric field is stronger at the surface of the waveguide; it is really important for
us because this characteristics enhance Brillouin scattering due to shifting-boundaries
effect. In this chart, the values of electric field at r = 0 have been normalized. Figure 2.9b
shows the electric field in a Tube microwire of b = 0.5µm and different values of inner
hole radius a. We can see the change of energy distribution in the three regions as
a changes as well as the field discontinuities at each interface. For small values of a,
the light confinement inside the hollow cavity increases. Table 2.1 shows the effective
refractive index and the fraction of the modal power for each case indicated in the
Figure 2.9b.









b = 0.3 mm
b = 0.4 mm
b = 0.5 mm
b = 0.6 mm
(a)








a = 0.15 mm
a = 0.20 mm
a = 0.25 mm
a = 0.30 mm
(b)
Figure 2.9: Mode profile for the fundamental mode for a) Rod wire with different values
of b. and b) Tube wire with core radius b = 0.5µm and different values of inner hole
radius a. For both graphs, x = r/b.
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a neff ηho (%) ηco (%) ηair (%)
0.30 1.044 18.99 22.35 58.66
0.25 1.070 17.68 32.77 49.55
0.20 1.097 14.58 43.35 42.06
0.15 1.124 10.40 53.54 36.06
Table 2.1: Variation of the effective refractive index and fraction of the modal power
η as a function of the hollow radius a for Tube microwire, b = 1µm in all cases. ηair
denotes the fraction of the modal power for r > b.
Figure 2.10 shows the fraction of the modal power as a function of wavelength for both
geometries with the same geometrical parameters described above. Figure 2.10a shows
ηco and ηair for Rod (solid curves) and Tube (dashed curves). Both geometries have the
similar behavior but in the Tube case, the mode goes out the core faster than in the Rod
case with increasing wavelengths. Figure 2.10b shows a different behavior in the hollow
cavity. ηho reaches a maximum value for a specific wavelength (λm) when the overlap
of evanescent fields is maximum and then decreases as λ increases due to the diffractive
limit.
























Figure 2.10: Fraction of the modal power in (a) core and air for Rod and Tube, and
(b) hollow for the Tube micro wire.
Finally, with the goal of validating the analytic results obtained with Mathematica®,
we solve the Tube geometry in Comsol®, which uses finite element analysis, to get
the effective refractive index and the fraction of the modal power in each layer, for
different combination of parameters a, b, ni. Comparison of the obtained results are
shown in Table 2.2. For the case of low index contrast between core-cladding interface
and R = a/b = 0.5, it was not possible to find solutions to the wave equation. For the
other cases, the results were in excellent agreement.
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Small R Large R
a = 0.01µm, b = 4µm a = 0.5µm, b = 1µm a = 2µm, b = 4µm
M C M C M C
neff 1.44299 1.44299 1.21839 1.21839 1.41394 1.41394
ηho(%) 0.00285 0.00289 18.74410 18.74440 0.85590 0.85689




ηair(%) 0.07417 0.07423 14.69580 14.69697 0.81203 0.81369
neff 1.44435 1.44435 No roots No roots 1.42563 1.42563
ηho(%) 0.00229 0.00229 No roots No roots 0.42605 0.42632




ηcl(%) 1.65344 1.65344 No roots No roots 14.55580 14.55684
Table 2.2: Comparison between Mathematica® (M) and Comsol® (C) results for Tube
geometry using different parameters a, b, ni.
2.11 Conclusions
The main conclusions observed in the study of optical modes for cylindrical geometries
are summarized below:
• The optical eigenvalue problem can be solved completely in terms of the normalized
parameters U and V . The only parameters that have to be specified are the
refractive index or, alternatively, the profile height parameter ∆.
• Silica microwires allow the sub-wavelength guidance. In this regime, most of the
optical power is concentrated near the silica-air interface, leading to large evanes-
cent fields at surface.
• The intensity of the evanescent field inside the inner hole in the Tube geometry is
increased as the size of the hollow is reduced.
• The fraction of the modal power as a function of the wavelength in the hollow
region for the Tube microwire has a completely different behavior of the core and
cladding, having also a maximum value for a particular wavelength.
Chapter 3
Acoustic Modes in Silica
Microwires
3.1 Introduction
In this chapter we describe analytically the acoustic modes for both geometries discused
in Chapter 2. We start with basic Newton’s and Hooke’s laws, derive the acoustic wave
equation and finally apply boundary conditions of free surface in order to obtain the
dispersion relations and mode profiles for Rod and Tube geometries. We study the
particular case of Rayleigh waves, which have the acoustic energy concentrated in the
surface of the waveguide. This characteristic enhances Brillouin scattering due to the
shifting-boundary effect.
3.2 Newton’s and Hooke’s laws
To derive the equation that determines the behavior of the elastic waves inside a material,
we consider an infinitesimal volume element dV (Figure 3.1) that is displaced from
its initial position due to forces exerted by neighboring volume elements. Applying





= ~F , (3.1)
where ρ is the density of the material, ~u is the displacement vector of the volume element
and ~F is the sum of external forces (like gravity) and internal forces per unit volume
acting on it. For simplicity here we ignore any external force. When a displacement
occurs, the position of the volume element changes and the material is not in the initial
36
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Figure 3.1: Representation of the displacement vector ~u of a small volume element dV .
state. As a response, internal forces tend to return the material to the equilibrium.
These forces are called internal stress and can be represented mathematically by the
stress tensor T . The projection of the stress tensor on each of the surfaces of the volume
element determines the overall force acting on this surface (Figure 3.2).
Figure 3.2: Projection of the stress tensor T at the surfaces of a small volume element
dV .
The resulting force in each direction is the net flux of the stress tensor; therefore we can
express the force per unit volume as the divergence of the stress tensor T .
~F = ∇ · T . (3.2)
Combining equations 3.1 and 3.2




Now, the constitutive relation between the stress tensor and the displacement vector is
given by the Hooke’s law
Tij = cijklSkl, (3.4)
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where c is the stiffness tensor and S is the strain tensor. In the case of small defor-












with i, j = x, y, z. The antisymmetric part of the displacement gradient corresponds to
rotations that do not enter in the dynamics of the vibration problem and therefore, does
not appear in the acoustic field equations [40]. Then from Eq. 3.3, Eq. 3.4 and Eq. 3.5
we can write




where S = ∇s~u represent the symmetric gradient and the colon indicates tensor product.
For an isotropic material (such as fused silica), there are just two independent constants




= c11∇(∇ · ~u)− c44∇×∇× ~u, (3.7)
where we also used the relation ∇×∇× ~A = ∇(∇· ~A)−∇2 ~A. Solutions for this equation
are obtained by expressing ~u in terms of a scalar potential Φ and a vector potential Ψ
[41].
~u = ∇Φ +∇×Ψ, (3.8)
where Φ is related to longitudinal waves and Ψ is related to transverse (shear) waves










~Ψ = 0. (3.10)
The constants cl and ct are the longitudinal and transverse acoustic velocities, with











In an infinite medium, longitudinal and transverse waves can propagate independently
with wavevectors Ω/cl and Ω/ct respectively where Ω is the acoustic frequency. When
the medium has boundaries, like in a waveguide, both kinds of elastic waves are coupled
at the interfaces. Since the longitudinal and transverse waves have the same propagation
constant, they must have different transverse wavevectors γl and γt (Figure 3.3) that
















Figure 3.3: Representation of the transverse wavevectors γl, γt and the propagation
constant βac. cl and ct are the acoustic velocities.
3.3 Separation of variables and boundary conditions
Solutions for equations 3.9 and 3.10 can be found by means of separation of variables,
resulting in Bessel functions for the radial part and sinusoidal functions for the angular
part. Then, the components for the displacement vector for the rod geometry (tube



















Jp (γtr) + CγtJ ′p (γtr)
]
(−sin (pφ)) eiβaczφ̂, (3.15)
~uz = [iAβacJp (γlr)−BγtJp (γtr)] cos (pφ) eiβacz ẑ, (3.16)
where p is the acoustic azimuthal index. In order to solve completely the acoustic
eigenvalue problem and find the values for the constants A,B,C, we have to apply
boundary conditions. In our case, boundaries are not subjected to any external force
(Figure 3.4). This means that for r = b, we have:
Trr = Trz = Trφ = 0, (3.17)
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 = 0. (3.18)
The characteristic equation is obtained by setting the determinant of these equations
equal to zero. This problem was solved using Mathematica® and the characteristic
matrix is shown in Appendix B.
Figure 3.4: Boundary conditions for free cylinder. All components of the stress tensor
in the surface are zero.
3.4 Selection rules
Selection rules that determine which families of acoustic modes can interact efficiently






 cos2 φdφ =

π p = 0
π







 sinφ cosφdφ =

π
2 p = 2
0 otherwise
. (3.19b)
Therefore, we can conclude that the acoustic azimuthal index that leads a non-zero
integral are p = 0 and p = 2. These families of modes are: Axial − Radial (R0m) for
p = 0, torsional (T0m) and Torsional − Radial (TR2m) for p = 2. Torsional modes
induce a shearing stress and the interaction with the fundamental optical mode is weak
and we can neglect it. Table 3.1 shows the classification of acoustical modes depending
on the azimuthal index and the propagation constant βac, which as we will see in the next
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index p βac = 0 βac 6= 0
0
Radial (R0m)
~ur 6= 0 Axial-Radial (R0m)





~ur, ~uφ 6= 0
Axial-Torsional-Radial (TR2m)
~ur, ~uφ, ~uz 6= 0
Table 3.1: Classification of acoustical modes in cylindrical waveguides.
3.4.1 Axial-Radial modes R0m
For this family of modes, ~uφ = 0, which implies circular symmetry. From equations 3.14
and 3.16 we can see that between ~ur and ~uz there is a phase shift of π/2, determined
by the complex quantity i. It means that one is zero when the other is maximum.
Figure 3.5 shows the general profile of the displacement vector ~u for the R01 and R02
modes. Color scale indicates the magnitude of displacement.
(a) (b)
Figure 3.5: Mode profile for (a) R01 mode and (b) R02 mode. Color scale indicates
magnitude of the radial displacement ~ur.
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3.4.2 Torsional-Radial modes TR2m
In this family of modes there are radial, azimuthal, and longitudinal deformations. Fig-
ure 3.6 shows the general profile of ~u for the TR21 and TR22 modes. Again the color scale





we can see from the vector lines, the deformation describes dilatation and contraction in
orthogonal directions resulting in an elliptical deformation causing a birefringence in the
medium. This birefringence will be used in Chapter 5 to detect the forward scattering
frequencies.
(a) (b)
Figure 3.6: Mode profile for (a) TR21 mode and (b) TR22 mode. Color scale indicates
magnitude of the transverse displacement ~ur + ~uφ.
3.5 Normalized parameters
In the same way as in the optical case, it is possible to define normalized parameters



















Note that U2 −W 2 = V 2, where V is the acoustic normalized frequency. Finally, we
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This quantity is defined because the acoustic eigenvalue problem can be solved as a
function of the coefficients of both velocities instead of as a function of the individual
values.
3.6 Dispersion relations
We implemented a code in Mathematica® to solve the eigenvalue problem (Eq. 3.18) in
terms of the acoustic propagation constant βac and the acoustic frequency Ω for given
values of core radius b and velocities (α = ct/cl). Figure 3.7 shows the dispersion curves
for the axial-radial and torsional-radial modes for a rod microwire of 1µm of diameter. In
both charts, blue and red discontinuous lines denote dispersion relations for longitudinal
and transverse waves in bulk medium respectively. To get a better understanding of the



























































Figure 3.7: Dispersion for (a) R0m modes and (b) TR2m modes in a microwire of 1 µm
of diameter. Blue, red and green discontinuous lines denote dispersion relation for pure
longitudinal waves, pure transverse waves, and Rayleigh waves respectively.
and we can use a vector diagram as shown in Figure 3.8 to represent them. In the
first case, Figure 3.8a (above the blue dashed line in Figure 3.7), βac < Ω/cl and both,
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γl and γt have real values. From Figure 3.8b (between blue and red dashed lines in
Figure 3.7), Ω/cl < βac < Ω/ct then γl is imaginary and γt is real. It means that the
longitudinal part of the field is now confined near the boundaries of the cylinder and
decays exponentially into the interior. From Figure 3.8c (between red and green dashed
lines in Figure 3.7), Ω/ct < βac and both γl, γt are imaginary. It means that the mode
fields become tightly bound to the surface of the cylinder and their velocity approach
to a constant value called Rayleigh velocity (cR). In Figure 3.7, green line denotes the








































Figure 3.8: Representation of transverse wave vectors for (a) βac < Ω/cl, (b) Ω/cl <
βac < Ω/ct, and (c) Ω/ct < βac
3.7 Rayleigh waves
The value of Rayleigh velocity comes from considering the continuity of the displacement
field ~u and stress T at all points of the surface, in addition to imposing a resonance condi-
tion on the transverse standing wave pattern. For an isotropic half-space, in rectangular
Chapter 3. Acoustic Modes in Silica Microwires 45



























Taking the sound velocities for silica cl = 5970.7m/s and ct = 3764.8m/s, we obtain
from Eq. 3.20 the value of Rayleigh velocity cR = 3410.1m/s. We have to say that
this is the value for a rectangular isotropic solid. For cylindrical geometry, the problem
becomes more complex and is not treated here but the variation of cR is small in both
geometries.
As we said before, γl and γl are imaginary for Rayleigh waves and then, the field distri-
bution becomes evanescent. It means that mechanic waves propagating on the surface
and almost all the acoustic energy for these modes are concentrated in the surface. Fig-
ure 3.9 shows a representation of Rayleigh waves for the R01 and TR21 modes for the
rod geometry.
(a) (b)
Figure 3.9: Representation of Rayleigh waves for (a) R01 mode, and (b) TR21 mode.
3.8 Tube geometry
In the same way that we solved the eigenvalue problem for theRod geometry, we obtained
analytical solutions for the Tube geometry. The components of the displacement vector
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~u are given by




Jp (γtr) + C2
p
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+ C1γtJ ′p (γtr) + C2γtY ′p (γtr)](− sin(pφ))eiβaczφ̂,
(3.27)
~uz = [iA1βacJp (γlr) + iA2βacYp (γlr)−B1γtJp (γtr)−B2γtYp (γtr)] cos(pφ)eiβacz ẑ.
(3.28)
Here we can see that for A2 = B2 = C2 = 0, we obtain the displacement vector for
the rod geometry (Eq. 3.14 to Eq. 3.16). Tube geometry can include Bessel functions Y
because there is no waveguide at r = 0 and the solution will not be divergent (Figure 2.4).
The particular matrix used to solve the eigenvalue problem are presented in Appendix B.
Figure 3.10 shows the dispersion relations for the R0m family and TR2m family for a
microwire with R = a/b = 0.5. The general behavior of this graphs are similar to that
of Figure 3.7 for the Rod geometry. The principal and most noticeable difference is that
for this geometry, in both families of modes, there are two Rayleigh modes and for the
Rod case there is just one Rayleigh mode.














































Figure 3.10: Dispersion relations for the Tube geometry with R = a/b = 0.5, for (a)
R0m family, and (b) TR2m family.
Figure 3.11 and Figure 3.12 show the mode profile for axial-radial and torsional-radial
families respectively for a frequency of 18 GHz in a tube microwire with r = 0.5. We
choose this frequency because, as we can see in Figure 3.10, both modes in both families
are Rayleigh modes (black lines). As we can see, for all modes, the acoustic energy is
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concentrated in the outer surface and the fundamental modes of each family are even
more concentrated in the surface.
(a) (b)
Figure 3.11: Mode profile for (a) R01 and (b) R02 modes in the Tube geometry with
R = a/b = 0.5.
(a) (b)
Figure 3.12: Mode profile for (a) TR21 and (b) TR22 modes in the Tube geometry with
R = a/b = 0.5.
3.9 Conclusions
The main conclusions observed in the study of acoustical modes for cylindrical geometries
are summarized below:
• The acoustical eigenvalue problem can be solved completely in terms of the nor-
malized parameter U and V . The only parameters that have to be specified are
the longitudinal and transverse sound velocities or the quantity α = ct/cl.
• The only family of acoustic modes that can interact efficiently with light are the
axial-radial modes R0m and the torsional radial TR2m.
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• The transverse wave vector for Rayleigh waves becomes completely imaginary be-
cause the Rayleigh velocity is less than the longitudinal and transverse velocity.
In this condition, the mode profile are concentrated in the surface of the waveg-
uide. This particular characteristic enhances Brillouin scattering due to shifting-
boundaries effect.
• There is one Rayleigh wave for each family of modes R0m and TR2m in the Rod
geometry and there are two Rayleigh waves for each family of modes R0m and




In Chapter 2 and Chapter 3 we investigated in detail the optical and acoustical modes
in silica microwires; now we describe their interactions. As mentioned in Chapter 1, the
shifting-boundary effect will contribute to Brillouin scattering (alongside with elasto-
optic effect) if the waveguide presents high index contrast and high fields on the surface,
which is the case for sub-wavelength silica microwires (n = 1.44), surrounded by air.
In order to understand the interaction of optic and acoustic waves in detail, we start
our study with energy and momentum conservation to derive the phase-matching condi-
tions of the scattering process. We also develop two approaches to obtain the scattering
efficiency: the coupled-mode theory and the perturbation theory. We choose the pertur-
bation theory to find the coupling coefficients because of the limitations of coupled mode
theory in high index contrast systems. We also make a study of Brillouin scattering as
a function of wire diameter considering both, the elasto-optic and shifthing-boundaries
effects. Finally, we investigate the evolution of the Brillouin spectrum as a function of
the wire diameter. An interplay between the eo and sb effects is revealed, leading to the
cancellation of the Brillouin scattering process at a particular diameter
4.2 Conservation of energy and momentum in scattering
process
The physical process of the inelastic Brillouin scattering consists in the annihilation of
an incident photon and the creation or absorption of a photon and an acoustic phonon
[42–44], as illustrated in Figure 4.1a. The energy and momentum must be conserved,
49
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(a) (b)
Figure 4.1: Representation of (a) Brillouin scattering process. (b) wave vectors in the
Brillouin scattering process.
then taking the energy of photon E = ~ω, we have
ωs = ωp ± Ω, (4.1)
where ωs, ωp and Ω are the frequencies of the scattered photon, incident photon, and
acoustic phonon respectively. Now from the moment of a photon ~P = ~~k, we have
~βs = ~βp ± ~βac, (4.2)
for the corresponding wavevectors. Figure 4.1b shows a vector diagram for the mo-
mentum conservation. We can see that the value of βac depends on the angle φ, being
maximum for φ = π and minimum for φ = 0. Therefore, Brillouin scattering has angular





where c is the light speed and neff is the effective mode index and for waveguides, all
wave vectors are along ẑ (propagation direction). For the acoustic waves, in the case of
long wavelengths compared to the interatomic distance, the relation between Ω and βac
is approximately linear [45], and we can write
Ω = cacβac. (4.4)
where cac is the phase velocity of acoustic modes, given by the acoustic dispersion
relations. Comparing equations 4.3 and 4.4, and considering the difference in orders of
magnitude between c (light velocity) and cac (sound velocity), we can conclude that
Ω ωs,p. (4.5)
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Figure 4.2: Dispersion relations and phase-matching conditions (vertical black lines)
for (a) R0m modes and (b) TR2m modes in a microwave of 1 µm of diameter.
This implies that ωs ≈ ωp and βs ≈ ±βp = ωpneff/cẑ. Then from Eq. 4.2 and Fig-
ure 4.1b we can write
βac ≈ 2βp sin
φ
2 . (4.6)
The geometry of optical fibers and microwires selects just two directions for scattered
light, φ = 0 and φ = π. This determines the phase-matching conditions for forward and
backward Brillouin scattering respectively:
βac ≈ 0 −→forward Brillouin scattering, (4.7a)
βac ≈ 2βp −→backward Brillouin scattering. (4.7b)
For (φ = 0), the Brillouin frequency shift approaches zero (Ω ≈ 0) and the forward
Brillouin scattering in bulk is not allowed. However, the cylindrical geometry can lead
to light interaction with transverse acoustic phonons, which makes forward scattering
possible. Figure 4.2 shows the dispersion relations for R0m and TR2m families for a
rod microwire of 1 µm of diameter. The vertical black line denotes the phase-matching
conditions for forward (βac = 0) and backward (βac = 2βp) scattering, so the expected
frequency of the scattered waves are determined by the intersection of the vertical lines
with the acoustic dispersion curves.
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4.3 Dielectric perturbation
In this thesis we considered two different sources of dielectric perturbation. A brief
description of each effect is given below.
4.3.1 Elasto-Optic effect
When an acoustic mode propagates in a medium, there is an associated strain field. The
strain results in a change of the refractive index. This is referred to as the elasto-optic or
photoelastic effect [46]. The acousto-optic interaction is used in a number of applications
[47], including light modulators, tunable filters, and spectrum analyzers among others.





where Pijkl is the elasto-optic tensor and Skl is the strain tensor. The symmetry of
isotropic media allows writing the elasto-optic tensor in terms of two independent con-












p11 p12 p12 0 0 0
p12 p11 p12 0 0 0
p12 p12 p11 0 0 0
0 0 0 p44 0 0
0 0 0 0 p44 0











where p44 = (p11 − p12)/2 and εi = ε0n2. For pure silica, p11 = 0.121 and p12 = 0.270.
The strain components Sij are obtained from Eq. 3.5 in cylindrical coordinates.
4.3.2 Shifting-Boundary effect
The displacement of waveguide interface leads to a large change in the refractive index
over a very small area near the waveguide surface. This is known as shifting-boundaries
effect [48]. For the continuous components of electric fields ( ~Eφ, ~Ez), the perturbation
∆ε is the difference of the dielectric constant ε in each side of the boundary, this is
∆ε12 = ε1 − ε2. (4.10)
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For the discontinuous component of electric field ( ~Er), the perturbation ∆ε is the har-







4.4 Application of coupled mode theory to backward Bril-
louin scattering
The main goal of this section is to find solutions for Maxwell’s equations for an arbitrary
distribution of refractive index n = n(x, y, z) once the modes for the ideal waveguide
of refractive index n0(x, y) are known. Applying the coupled mode theory developed in
Appendix D [49], the evolution of coupling coefficients along the waveguide are given by
















(Kµν − kµν)c+ν ei(βµ+βν)z + (Kµν + kµν)c−ν ei(βµ−βν)z
]
. (4.13)
The sub index ν represents the incident optical modes and the sub index µ represents
scattered modes. In our case, ν = 1 since we just consider scattering from the fundamen-
tal mode HE11 propagating in the positive z direction. For this reason c−ν = 0. We also
assume that the incident field is not depleted significantly (undepleted approximation)
therefore c+ν = c+1 = 1. With these simplifications and considering just the backward
scattering (c+µ = 0), we have from Eq. 4.13
dc−µ
dz
= −(Kµ − kµ)ei(βµac)z, (4.14)
where we applied the phase-matched condition βac ≈ βµ + βν (Eq. 4.7b). The coupling
coefficient K = −i(Kµ − kµ) has a e−βacz term that comes from the acoustic mode
(−βac for Stokes line). In the phase-matching condition, this term will cancel out the
z dependence on Eq. 4.14. From now on we will assume phase-matching and therefore
drop the z dependence and re-write Eq. 4.14 as:
c−µ = iKL, (4.15)





~E∗ ·∆ε · ~E′
]
dA. (4.16)
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Eq. 4.16 was derived following [49, 50]. In the derivation of this equation, it is assumed
that the perturbation ∆ε is small. This assumption is valid for elasto-optic effect but
may not be true for shifting-boundaries effect. This treatment was generated toward
understanding low-index contrast systems such as conventional optical fiber, and is not
directly applicable to high-index contrast systems such as Bragg fibers, photonic crystal
fibers, and also in our case of silica microwires surrounded by air [51]. The vector na-
ture of the electromagnetic fields and the boundary conditions at discontinuous material
interfaces require special care in applying perturbative methods [48]. A difficulty in
evaluating Eq. 4.16 still remains because on the waveguide surface, the field is discon-
tinuous. We now follow [48] that shows a first-order perturbation derived by considering
the "sharp boundary as a limit of anisotropic smoothed systems". Therefore Eq. 4.16







∆ε12( ~E∗‖ · ~E
′





We have to take into account that the backscattered mode inverts the direction of
propagation as Figure 4.3 illustrates. So we can write
~E′t = ~Et, (4.18)
~E′z = − ~Ez. (4.19)
Figure 4.3: Relation between the incident fields ~Ez and ~Et and the scattered fields ~E′t
and ~E′z in the backward Brillouin scattering.
In Eq. 4.16, ∆ε is determined by Eq. 4.9 and dA represents the transversal section of
the microwire. Taking into account that in our definition of electric fields, ~Er, ~Eφ ∈ R
Chapter 4. Brillouin Scattering 55





[∆εrr|Er|2 + ∆εφφ|Eφ|2 −∆εzz|Ez|2
+2∆εrφ|Er||Eφ| − 2i∆εrz|Er||Ez| − 2i∆εφz|Eφ||Ez|]rdrdφ,
(4.20)
knowing that ∆εij = ∆εji because of the symmetry of strain tensor Sij .
For the case of shifting-boundaries, the quantity ~un in Eq. 4.17 denotes the shift normal
to the surface; this is ~un = ur(r = b)r̂ and dl represents the shift circumference, this is
dl = bdφ, as it is shown in Figure 4.4 and for the cylindrical geometry we have
~E‖ = ~Eφ + ~Ez, (4.21)
~D⊥ = ~Dr = ε0n2co ~Er. (4.22)
Figure 4.4: Representation of the shift area in the dielectric interface.







∆ε12(|Eφ|2 − |Ez|2)−∆(ε−112 )ε20n4co|Er|2
]
. (4.23)
Now we can use Eq. 4.20 and Eq. 4.23 to find coupling coefficients for the case of
backward scattering for the axial-radial and torsional-radial families of acoustic modes.
4.4.1 Axial-Radial modes
For the axial-radial modes, the azimuthal index is p = 0 and the general form of the
displacement field is ~u = (~ur, 0, ~uz). The fundamental optical mode HE11 is almost
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linearly polarized, then we have two possibilities









~Eφ ∝ − sin(φ)
~Ez ∝ cos(φ)
. (4.24b)
There is no azimuthal dependence in the mechanic fields and strain fields, for this




 dφ = π, (4.25)
for any polarization (x or y). Finally for the axial-radial modes, considering that ∆εrφ =






[∆εrr|Er|2 + ∆εφφ|Eφ|2 −∆εzz|Ez|2 − 2i∆εrz|Er||Ez|]rdr, (4.26)















In this expression, all fields (ur, Er, Eφ, Ez) are evaluated at r = b. All the acoustic
modes also have to be normalized as shown in Appendix E.
4.4.2 Torsional-Radial modes
For the torsional-radial modes, the azimuthal index is p = 2 and all components of the
displacement field are nonzero. In this case, we can have two different polarizations for
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the elastic fields.
0◦ − 90◦ − polarization =

~ur ∝ cos(2φ)
~uφ ∝ − sin(2φ)
~uz ∝ cos(2φ)
, (4.28a)






For 0◦ − 90◦ − polarization, the possible values for the azimuthal integral in Eq. 4.20




 dφ = ±π2 , (4.29)
∫ 2π
0
sin(2φ) cos(φ) sin(φ) = π2 (4.30)







[−∆εrr|Er|2 + ∆εφφ|Eφ|2 + ∆εzz|Ez|2
+2∆εrφ|Er||Eφ|+ 2i∆εrz|Er||Ez| − 2i∆εφz|Eφ||Ez|]da,
(4.31)

















In Eq. 4.31 and Eq. 4.32, we considered y − polarized electric fields and 0◦ − 90◦ −
polarization for the displacement fields. Again, all fields in Eq. 4.32 are evaluated at
r = b and the acoustic modes have to be normalized as shown in Appendix E.
4.5 Evolution of coupling coefficients as a function of mi-
crowire diameter
In order to get a deeper understanding of the behavior of coupling coefficients as a func-
tion of the wire diameter, Figure 4.5 shows the value of normalized coupling coefficients
for the R01 mode. For microwires with diameter up to approximately 0.5 µm, shifting
boundary and elasto-optic effects add constructively, the first being the dominant scat-
tering source. As the wire diameter increases, the contribution of shifting boundary and
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elasto-optic become comparable and they act in opposite direction, reducing the total
coupling coefficient and canceling it for a diameter of around 1.1 µm.













Figure 4.5: Normalized coupling coefficients for the R01 mode as a function of wire
diameter.
Figure 4.6 shows the value of normalized coupling coefficients for the TR21 mode. Here,
the situation is completely different from the previous case. The elasto-optic effect is
the dominant source of scattering and both contributions were in the same direction
for diameters less than 0.75 µm approximately and in opposite directions for larger
diameters.

















Figure 4.6: Normalized coupling coefficients for the TR21 mode as a function of wire
diameter.
Chapter 4. Brillouin Scattering 59
This behavior can be explained by means of geometry of each mode. For axial-radial
mode R01 (Figure 4.7a), there is a greater net change in the dielectric constant in
comparison with the torsional-radial mode TR21 (Figure 4.7b). For this reason, the
shifting-boundaries effect has a greater contribution to Brillouin scattering in R01 mode
whereas the elasto-optic effect has a greater contribution to scattering in TR21 mode







Figure 4.7: Representation of shifting-boundaries perturbation for a) R01 and b) TR21
modes.
Figure 4.8 shows the normalized value of coupling coefficients for the hybrid mode R02.
For this mode the dominant contribution to the scattering is due to the elasto-optic
effect, and the shifting-boundary effect has a small contribution, as expected, because
the elastic energy for this mode is not concentred at the surface like in modes R01 and
TR21.
4.6 Theoretical Brillouin spectrum
Considering both kinds of dielectric perturbations: acousto-optic and shifting-boundaries,
was implemented a code in Wolfram Mathematica® in order to find the theoretical spec-
trum for the backward scattering. The final expression to get the scattered power per





(ω − ωp + Ωm)2 + ∆f2
, (4.33)
where km is the coupling coefficient, KB is the Boltzmann constant, T is the room
temperature, ρ is the density of material (silica), Ωm is the frequency of each acoustic
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Figure 4.8: Normalized coupling coefficients for the R02 mode as a function of wire
diameter.
mode, Am is the amplitude of acoustic mode, ωp is the frequency of the pump optical
signal and ∆f is the damping term, which represents the line width of each peak in
the scattering spectrum, associated with the lifetime of acoustic phonons. Figure 4.9
shows the theoretical scattering spectrum for a silica microwire of 0.6 µm of diameter.
Red line represents the contribution due to shifting-boundary effect, Blue line represents
the contribution due to acousto-optic effect and black line represent the sum of both
contributions. Each peak is labeled indicating the family and order of mode.
From the chart it is evident that elasto-optic effect dominates in almost all peaks. The
only peak that has a dominant contribution of the shifting-boundary perturbation is
the fundamental axial-radial mode or Rayleigh mode R01, while the perturbation due
to elasto-optic is the lowest of all cases. Another important fact from this chart can
be seen in the R03 mode where both contributions are almost equivalent but the total
contribution is lower. This indicates that both effects have opposite contributions for
this mode.
Figure 4.10 shows a map of the scattering spectrum as a function of the diameter. The
color scale represents the amplitude of each mode. From the chart it is clear the behavior
of both Rayleigh waves, presenting frequencies ranging between 5 and 6 GHz for most
diameters and both peaks have a cross point for diameters around 0.9 µm. These peaks
have an important amplitude for diameters between 0.6 to 1 µm approximately.
Chapter 4. Brillouin Scattering 61




























Figure 4.9: Theoretical backward Brillouin scattering spectrum for a silica microwire
of 0.6 µm of diameter. Red line represent the contribution of shifting-boundary per-
turbation, blue line represents the contribution of acousto-optic perturbation and black
line is the total sum of both contributions.
Figure 4.10: Backward Brillouin scattering map as a function of the microwire diameter.
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4.7 Conclusions
The main conclusions observed in the theoretical Brillouin scattering study are summa-
rized below:
• The phase-matching conditions for the scattering process are determined just from
the conservation of momentum and energy.
• The classical coupled mode theory presents some limitations for systems with a
high refractive index contrast due to the discontinuity of the electromagnetic fields
at the material interfaces.
• Brillouin scattering due to Rayleigh modes becomes important when the diameter




In this are presented chapter the experimental results for the forward and backward
Brillouin scattering. Considering that in all the experimental setups are shown, we use
heterodyne detection to collect the information, it is important to make a review of the
detection technique, before starting with the description of the experimental process and
results. We finally compare experimental and theoretical results.
5.2 Heterodyne detection
In order to measure the amplitude and phase of an arbitrary optical signal, it is necessary
to mix it with a coherent reference optical signal of stable phase, called local oscillator
and detect their superposition using a photodetector [54]. The detected electric current
contains information about the amplitude and phase as a result of the beating between
the two optical signals. This technique is called heterodyne detection. Figure 5.1 illus-
trates the process using an optical coupler to mix the signals. The arbitrary signal and
local oscillator electric fields can be expressed as
Es =| Es | ei(ωst−ϕs), (5.1)
EL =| EL | ei(ωLt−ϕL). (5.2)
Assuming the same polarization for both fields, the total power detected by the photo-
diode is:
| E |2=| Es |2 + | EL |2 +2 | Es || EL | cos [(ωs − ωL) t+ (ϕs − ϕL)] . (5.3)
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Figure 5.1: Heterodyne detection using a fiber coupler. The detected photocurrent
varies at the frequency ω = ωs − ωL.
The photocurrent i generated in a semiconductor detector is proportional to the incident
photon flux, which in turn is proportional to the absolute-square values of the incident
complex amplitudes. Therefore we can write
i = is + iL + 2 (isiL)1/2 cos [ωt+ (ϕs − ϕL)] , (5.4)
where ω = ωs−ωL is the detected frequency. Slight misalignments between the directions
of the two incident waves affects the photo-generated current through the interference
term, since the phase (ϕs − ϕL) varies sinusoidally with position within the detector.
5.3 Backward Brillouin scattering
The experimental setup to measure backward Brillouin scattering is shown in Fig-
ure 5.2a. A continuous wave (CW) pump laser with a narrow linewidth (<100 kHz)
operating at 1550 nm is splitted using a fiber coupler to leave some part of the input
power to be used as local oscillator. The remaining part is amplified using an erbium
doped fiber amplifier. After being amplified, an optical circulator is used to launch the
laser into the microwire and also to collet the backscattered light. At the microwire
output, the signal was monitored using an optical spectrum analyzer. Another fiber
coupler was used to mix again both signals before being beat at a high-speed photodi-
ode (bandwidth > 20 GHz). The electric signal is amplified in a low-noise RF amplifier
and dispersed in a radio frequency spectrum analyzer. We observed that in addition to
the Brillouin backscattered signal, a small fraction of the pump laser is back-reflected
from the transition regions of the taper. It causes that the relative phase between both
signals varies leading to sinusoidal fluctuations in the detected current or even loss of
interference as stated in the previous section.
To overcome this problem, the setup was modified as shown Figure 5.2b, both couplers
were suppressed and in this case, the linear reflection coming from the taper was used as
local oscillator and both signals are mixed into the fiber. In this case, there is not control
in the polarization of the reflected signal, then significant variations in the geometry of
the taper would change the polarization, causing again, loss of the interference. The



















Figure 5.2: Experimental setups for heterodyne detection of backward Brillouin scat-
tering (a) using fiber couplers for mixing the signals. (b) using linear reflections as
a local oscillator. FC = fiber coupler, PC = polarization controller, EDFA = erbium
doped fiber amplifier, RF Amp = radio frequency amplifier, PM = power monitor, ESA
= electrical spectrum analyzer, OSA = optical spectrum analyser.
mixed signal coming out the circulator is weak due to the low intensity of the local oscil-
lator, for this reason the signal was amplified using an optical pre-amplifier to improve
the signal-noise ratio. The signal is filtered to reduce the ASE (Amplified Spontaneous
Emission) and a power monitor was used to control the intensity of the detected signal.
Again the electric signal is amplified and dispersed in an electrical spectrum analyzer.
Figure 5.3 shows a picture of the experimental setup used to measure the samples.
Figure 5.4 shows a typical spectrum for a microwire with a diameter of around 1.0 µm
of diameter (blue line). Black line corresponds to Brillouin spectrum for a single mode
fiber (SMF) with the same length of the silica microwire. The peak around 10.86 GHz
in the microwire spectrum correspond to scattering from the standard fiber pigtails and
the fiber section of microwire. As we show later, peaks ranging 9-10.5 GHz are from the
transition regions of the taper. The main peak around 8.5 GHz correspond to hybrid
longitudinal-transverse acoustic mode and the peaks between 5 and 6 GHz correspond
to light scattered by Rayleigh acoustic waves.
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Figure 5.3: Image of the experimental setup used to measure backward Brillouin scat-
tering in silica microwires. 1. Optical circulator 2. Sample 3. Polarization controller 4.
Photodetector 5. Radio frequency amplifier 6. Filter 7. Power monitor.
Figure 5.5 shows an offset graphic of all samples studied. Right axis denotes the nominal
diameters of samples. The peak around 10.86 GHz present in all tapers correspond to
scattering from SMF, as we stated before. With decreasing the diameter of samples, we
can see the emergence and evolution of the hybrid modes towards lower frequencies and
which is more remarkable of this graph, we can see the emergence of Rayleigh waves
when the diameter becomes comparable with the pump wavelength. Those waves have
the particularity of increasing frequency when the diameter decreases.
Figure 5.6 shows an inset of Figure 5.5 for the region of Rayleigh waves. The intensity of
scattered light increases and each single peak seems splitted in two as the wire diameter is
reduced. The intensity increases because the optical mode becomes further de-localized
and overlaps strongly with the surface. The splitting of peaks will be explained further.
In order to identify the nature of each peak, we carried out measurements changing the
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Figure 5.4: Backward Brillouin scattering spectrum for a silica microwire of 1.0 µm of
nominal diameter (blue) and for a single mode fiber of the same length of taper (black).





































F r e q u e n c y  ( G H z )
S M F
 
Figure 5.5: Offset graphic of backward Brillouin scattering for all measured samples.
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Figure 5.6: Inset of Brillouin spectrum in the Rayleigh region for silica microwaves with
diameters ranging from 0.8 to 2 µm of diameter
polarization of the incident light. Figure 5.7 shows the Rayleigh peaks for a microwire
of 0.8 µm for three different polarizations. From this chart, we can see that for dif-
ferent polarizations, it is possible to remove the first two peaks and the others remain
unchanged. This is a clear proof of the azimuthal dependence of first two peaks, which
confirm that these peaks belong to torsional-radial family.
For better understanding of the frequency behavior showed in Figure 5.6, we have to
analyze the phase matched condition for backscattering Eq. 4.7b, which requires that
βac = 2βp and from Eq. 2.29 we have that βp = 2πneff/λ where neff is the optical mode
effective index and λ is the optical wavelength. For the acoustic case, βac = 2πfac/cac
where cac is the phase velocity for the acoustic mode. Simplifying these expressions, we





From this expression, it is straightforward to see that the Brillouin frequency depends
on how neff and cac vary with the diameter or in other words, how the optical and
acoustic dispersion relations change with the microwire radius b for a constant value of
wavelength λ.
Figure 5.8 shows the theoretical behavior of effective index as a function of wire diameter
(black line). The values range from 1 (index of air) to 1.44 (index of silica) and decrease
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Figure 5.7: Polarization dependence for Torsional-Radial peaks in a microwire of 0.8
µm of diameter
as the diameter decrease, which is explained by more delocalization of the optical mode
into the air cladding. This pushes the acoustic frequency down as the diameter is
reduced. Figure 5.8 also shows the behavior of the acoustic velocity for the fundamental
modes axial-radial R01 (blue line) and torsional-radial TR21 (red line). It could be
seen that for both modes, cac approach asymptotically to a lower limit as the diameter
increases, as in acoustic dispersion curves (Figure 3.7), this limit is the Rayleigh velocity
cR. As the diameter is reduced, cac increases until its maximum value cl and thus, pulls
fac up. This trade-off between how fast the effective index drops and how fast the phase
velocity of Rayleigh waves increases as the diameter becomes smaller determines the
behavior observed experimentally.
Figure 5.9 shows the frequency shift of the fundamental modes obtained theoretically
(lines) and experimentally (points) obtained from Figure 5.6. For the case of split
peaks, we took the mean value of both. As we can see, theoretical and experimental
results disagree. The difference between theoretical and experimental results as well
as the presence of four Rayleigh peaks for lower diameters instead of two as theory
predicts, raises some questions about the geometry of the measured microwires, like the
presence of two different diameters in the waist region. The value of diameters is obtained
from the fabrication process. To take any measure of the diameter using either optical
microscopy, atomic force microscopy (AFM) or scanning electron microscopy (SEM),
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Figure 5.8: Variation of neff and cac for fundamental axial-radial R01 and torsional-
radial TR21 in function of the microwire diameter.
microwire must be removed from the box. Also it is difficult to perform measures in
various locations along the wire length. Forward Brillouin scattering may be an elegant
solution to overcome this drawback.
5.4 Forward Brillouin scattering
The experimental setup used to measure forward Brillouin scattering is based on a pump
and probe technique [55], in order to excite sound waves in the microwires is shown in
Figure 5.10. In this method, the pump laser excites the acoustic waves through optical
forces. A second laser is used to detect the index perturbations due to the acoustic
waves.
To obtain the pulsed pump laser, we use a CW laser operating at 1570 nm, followed by a
polarization controller. It was modulated in amplitude using a lithium-niobate (LiNbO3)
electro-optical modulator. A voltage V-bias is used to maximize the modulation and an
AC signal with a repetition rate of 1 MHz and a pulse duration of 25 ps, amplified in a
radio frequency amplifier, is used to control the amplitude and shape of the modulated
signal. After the modulator, another polarization controller is required to ensure that
the pulsed signal has a linear polarization. Due to the low power of the CW laser and
high losses in the amplitude modulator, it is necessary to increase the pump power. We
use an optical pre-amplifier which have a better noise figure than an optical amplifier
before use an optical amplifier to obtain a pulsed laser with high power. A fiber coupler
(99/1) is used to divide the pump signal. The 1 % (-20 dB) output is attenuated in









































Figure 5.9: Theoretical and experimental frequency shift for fundamental modes R01
and TR21 in function of diameter.
order to avoid damage on the measurement equipment, and visualized in an oscilloscope
to control the height and shape of pulses.
The other part of the experimental setup is composed by a CW laser (probe laser),
operating at 1550 nm, followed by a polarization controller. This laser is mixed with
the pump pulsed laser using a fiber coupler (70/30) and launched into the microwire.
The coupler is preceded by an isolator to prevent back reflections. At the output of the
sample, there is a filter centered at 1570 nm to remove the pump signal. The prove signal
passes through a polarizer in order to convert polarization modulation into amplitude
modulation as shows Figure 5.11. The birefringence in the microwave is induced due to
the elliptical deformation of the TR21 mode.
The modulated signal is then amplified with an optical pre-amplifier and detected in a
high-speed photodetector. There is a power monitor at the output of the pre-amplifier
to monitor the power entering into the photodetector. The electric signal is amplified
using a radio frequency amplifier and analyzed in both, an oscilloscope and an electrical




























Figure 5.10: Experimental setup for detection of forward Brillouin scattering. Signal
Gen = signal generator, Pulse Gen = pulse generator, VBias = Voltage Bias, RF Amp
= radio frequency amplifier, PC = polarization controler, AM = amplitude modulator,
EDFA = erbium doped fiber amplifier, Pre-EDFA = pre-amplifier EDFA, ATT = at-
tenuator, OSC = oscilloscope, FC = fiber coupler, PM = power monitor, ESA electrical
spectrum analyser.
Figure 5.11: Representation of polarization modulation
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Figure 5.12: Image of the experimental setup used to measure backward Brillouin
scattering in silica microwires. 1. Isolator 2. Fiber coupler 3. Sample 4. Polarization
controller 5. Photodetector 6. Filter 7. Radio frequency amplifier 8. Power monitor 9.
Amplitude modulator 10. Polarizer 11. Attenuator 12. Pulse generator.
spectrum analyzer, to observe time domain and frequency domain responses respectively.
Figure 5.12 shows a picture of the experimental setup used to measure the samples.
Figure 5.13 shows the temporal response for a microwire of 0.8 µm of nominal diameter.
The sharp peak at the beginning of the 20 ps time window is due to the cross-phase
modulation (XPM) between the two co-propagating beams [56, 57]. The beating nodes
reveals that there is more than one acoustic resonant frequency oscillating. Figure 5.14
shows the frequency domain response for the same microwire. As we can see, there
are two prominent peaks, both correspond to the fundamental torsional-radial acoustic
mode (TR21) for two different diameters. It shows that the geometry of the microwire
is not uniform. Using the eigenvalue problem, we can estimate the diameter of the
cylindrical wire, given the resonant frequency. For this particular case, the frequencies
of 4.58 GHz and 4.75 GHz correspond to diameters of 0.61 µm and 0.59 µm respectively.
From these results we can obtain two important conclusions. The first one is that the
nominal diameter, it minds the expected diameter given some fabrication parameters,
differs by 0.2 µm (25 %) with the real value which is a significant difference in the micro-
scale structures. The second one is that with the forward Brillouin scattering process,
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Figure 5.13: Time domain response for a silica microwire of 0.8 µm of nominal diameter















0.8 4.58 0.61 4.75 0.59 3.3 25
1.0 3.54 0.79 3.67 0.77 2.6 22
1.7 2.35 1.20 2.46 1.14 5.1 31
2.0 1.57 1.79 1.66 1.69 5.7 13
3.0 0.92 3.05 0.93 3.02 1.0 1.2
Table 5.1: values of non-uniformity and nominal diameters for all samples measured
using forward Brillouin scattering
we could observe non-uniformities in the diameter of about 20 nm (3 %) along its length.
To put these results in an atomic perspective, the average size of an atom is about 1
Å, so this technique allow detecting non-uniformities of about 200 atoms without using
any technique of microscopy and without requiring a destructive measurement.
In Figure 5.15 to Figure 5.18 are shown the frequency domain response for different mi-
crowires. In all the graphs we can see that there is more than one frequency component,
so for all samples measured, we observed non-uniformities. Table 5.1 shows the resonant
frequencies and expected diameters for all samples, the percentage of non-uniformity
and the percentage of variation between the nominal diameter and the mean diameter
measured. The non-uniformity is calculated as the difference between the expected di-
ameter (D1, D2) divided between the mean diameter measured ((D1 +D2)/2) while the
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F r e q u e n c y  ( G H z )
 D  =  0 . 8  µm
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4 . 5 8  G H z
Figure 5.14: Frequency domain response for a silica microwire of 0.8 µm of nominal
diameter due to impulsive excitation of acoustic modes.














F r e q u e n c y  ( G H z )
3 . 5 4  G H z 3 . 5 9  G H z
3 . 6 7  G H z
Figure 5.15: Frequency domain response for a silica microwire of 1.0 µm of nominal
diameter due to impulsive excitation of acoustic modes.
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F r e q u e n c y  ( H Z )
 D  =  1 . 7  µm
2 . 4 6  G H z
2 . 3 5  G H z
Figure 5.16: Frequency domain response for a silica microwire of 1.7 µm of nominal
diameter due to impulsive excitation of acoustic modes.















F r e q u e n c y  ( G H z )
 D  =  2 . 0  µm
1 . 6 6  G H z
1 . 6 0  G H z
1 . 5 7  G H z
Figure 5.17: Frequency domain response for a silica microwire of 2.0 µm of nominal
diameter due to impulsive excitation of acoustic modes.
variation of the nominal diameter is calculated as the difference between the nominal
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F r e q u e n c y  ( M H z )
 D  =  3 . 0  µm
9 2 0  M H z
9 2 0  M H z
Figure 5.18: Frequency domain response for a silica microwire of 3.0 µm of nominal
diameter due to impulsive excitation of acoustic modes.
diameter and the mean diameter measured, divided by the nominal diameter. For larger
diameters, the non-uniformities and the variation between the nominal and expected
diameter is lower.
With these results, we can explain the disagreement between the theoretical and experi-
mental results showed in Figure 5.9 disagree, we have to relocate the experimental points
using the diameters obtained with the forward experiment. We also can explain why
we obtain split peaks in Figure 5.6 for lower diameters, if the microwire is composed by
two diameters, there will be two different scattering spectra with different frequencies
for the same sample but the frequency shift is notable only in the Rayleigh waves.
Trying to measure the diameters of microwires with microscopy techniques, we destroy
some samples which we took backward scattering spectrums, for this reason we try to
fit the obtained results with the forward experiment in order to obtain a relation for
the measured diameter as a function of the fabrication diameter. Figure 5.19 shows a
polynomial fitting for the experimental results, the polynomial used was y = 0.2875x2−
0.0062x+ 0.4784, being x the nominal diameter and y the expected diameter.
Figure 5.20a shows the inset showed in Figure 5.6 but this time with the correct di-
ameters. In this case each peak is completely identified, using the blue color for the
































y = 0.2875x2 - 0.0062x + 0.4784
Figure 5.19: Polynomial fitting of measured diameters.
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Figure 5.20: (a) Inset of Brillouin spectrum in the Rayleigh region for silica microwires.
The numbers in the right side are the values of diameters based in the forward scattering
experiment. (b) Theoretical and experimental frequency shift for fundamental modes
R01 and TR21, this time with the correct diameters
axial-radial (R01) modes and the red color for the torsional-radial (TR21) modes. Fig-
ure 5.20b shows the correction for Figure 5.9. In this case we can see that the theoretical
and experimental results are in excellent agreement.
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5.5 Comparison between theoretical and experimental spec-
tra for backward Brillouin scattering
Now, after identifying completely the experimental spectrum, we can validate both theo-
retical and experimental results by comparing them and finding similarities. Figure 5.21
shows the experimental spectrum for a microwire of 0.6 µm of diameter (black line), the
theoretical contribution of the waist region (blue), composed by two different diameters
of of 0.59 and 0.61 µm, as we saw in Figure 5.14 and Table 5.1. This chart also show
the theoretical contribution of the transition regions (red line), modeled by taking the
exponential profile of these regions, as was proposed in the fabrication technique [22].
Finally, the gray line is the experimental contribution of Brillouin scattering coming
from the single mode fiber. In some cases, this peak can camouflage peaks coming from
the waist region as happens with the blue peak around 11 GHz.
Figure 5.21: Comparison between theoretical and experimental backward Brillouin
scattering spectra for a silica microwire of 0.6 µm of diameter.
Due to the transition regions in microwires, it is difficult to know the amount of power
coupled into the taper waist, how much of the reflected power is coming from linear
reflections or how much is coming from Brillouin scattering. For this reason, one has to
scale both spectra. The factor of scale was calculated based on the height of experimental
Rayleigh peaks R01 because the other peaks, as the hybrid mode around 8 GHz have
some power that comes from the scattering in the transition regions and if the separation
between these peaks is less than the resolution of the measure instrument (1 MHz), it
Chapter 5. Experimental Results 80
can not be resolved all peaks and see just one amplitude of scattering. For this reason,
there are differences in the heights for those peaks.
5.6 General conclusions
The scattering process has a dynamic completely different for micro and nanoscale
waveguides. The ability of confine light in structures more and more smaller allows
observing these phenomena experimentally. So the perception of Brillouin scattering
as a bulk effect caused only by the electrostrictive or elasto-optic effects is no longer
true. The radiation pressure and shifting-boundary effects have to be considered. After
the theoretical and experimental study, now we are able to collet the more remarkable
conclusions.
• We could observe experimentally Brillouin scattering arising from Rayleigh waves.
It allowed us to make a detailed study about the contribution of elasto-optic and
shifting-boundary perturbations to the scattering process.
• We can use the forward Brillouin scattering process as a tool to measure diameter
and inhomogeneities of microwires. This allows to take measures without destroy
the sample.
It would be interesting to carry out experimental measures using microwires with Tube
geometry. In this work, these measures could not be done because of the difficulty in
fabrication of samples. But with the evolution of technology and fabrication techniques,
in a near future, will be possible obtaining Tube microwires with micro and nanoscale
diameters.
Appendix A
Coefficient matrices for the
optical eigenvalue problem
A.1 Coefficient matrix for the Rod geometry
The matrix M indicated in Eq. 2.23 for the Rod geometry obtained by applying conti-
nuity conditions at r = b in the Eq. 2.18 is determined by
M =









ν [U ] kZ0W K
′
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ν [W ] νβU2Jν [U ]
νβ
W 2Kν [W ]
 , (A.1)
where U = b
√
k2n2co − β2 (Eq. 2.24) and W = b
√
β2 − k2n2cl (Eq. 2.25) are the normal-
ized wavenumber for core and cladding (in our case air), k = 2π/λ and Z0 =
√
µ0/ε0 is
the vacuum impedance. Jν denotes the Bessel function of the first kind and Kν denotes
the modified Bessel function of second kind. The characteristic equation is obtained































with V = kb
√
n2co − n2cl (Eq. 2.26) and ∆ = (1− nco/ncl) /2 (Eq. 2.27).
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A.2 Coefficient matrix for the Tube geometry
The matrix M indicated in Eq. 2.23 for the Tube geometry obtained by applying conti-





where the sub-matrices are determined by
M11 =

Iν [XR] −Jν [UR] −Yν [UR] 0
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where n0, n1 and n2 are the refractive index of the hollow cavity, core and cladding
respectively. X = b
√
β2 − k2n20 is the normalized wavenumber for the hollow cavity and
R = a/b (Eq. 2.28) related the hollow and core radius.
Appendix B
Coefficient matrices for the
acoustic eigenvalue problem
B.1 Coefficient matrix for the Rod geometry
The matrix M indicated in Eq. 3.18 for the Rod geometry obtained by applying conti-
nuity conditions at r = b in Eq. 3.17 is determined by
M = M3x3, (B.1)
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M33 = 2ν(U2a − 2ν2 + 2)
Jν−1[Ua]
Ua
+ [2ν(ν + 1)− U2a ]Jν−2[Ua], (B.10)
where c12 and c44 are the Lame constants, α = ct/cl (Eq. 3.23). Ua = b
√
(Ω/ct)2 − β2
(Eq. 3.20), Wa = b
√
(Ω/cl)2 − β2 (Eq. 3.21) and Va = Ωb
√
(1/ct)2 − (1/cl)2 (Eq. 3.22)
are the normalized parameters for the acoustic case. Jν denotes the Bessel functions of
the first kind. The characteristic equation is obtained making det(M) = 0.
B.2 Coefficient matrix for the Tube geometry
The eigenvalue problem for the Tube geometry obtained by applying continuity condi-
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U2a − ν(ν + 1)
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Jν [Ua] + Jν−1[Ua]
]
, (B.13)
M13 = −2c44ν [(ν + 1)Jν [Ua]− UaJν−1[Ua]] , (B.14)
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M33 = 2ν(U2a − 2ν2 + 2)
Jν−1[Ua]
Ua
+ [2ν(ν + 1)− U2a ]Jν−2[Ua], (B.26)
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M63 = 2ν(R2U2a − 2ν2 + 2)
Jν−1[RUa]
RUa
+ [2ν(ν + 1)−R2U2a ]Jν−2[RUa], (B.44)













M66 = 2ν(R2U2a − 2ν2 + 2)
Yν−1[RUa]
RUa
+ [2ν(ν + 1)−R2U2a ]Yν−2[RUa]. (B.47)
Here R = a/b and Yν denotes the Bessel functions of the second kind. Again, the
characteristic equation is obtained making det(M) = 0.
Appendix C
Maxwell’s equations for a
dielectric medium
The macroscopic Maxwell’s equations for dielectric media with no free charges or currents
and non magnetic are:
∇ · ~D = 0, (C.1)
∇ · ~B = 0, (C.2)








where ~E and ~D, are the electric and displacement electric fields; ~H and ~B, are the in-
duction and flux density magnetic fields. The constitutive relations between the electric
and displacement fields ~E, ~D, and between the induction and flux density magnetic
fields ~H, ~B, are:





where ~P is the macroscopic polarization, and the constants ε0 and µ0 are the vacuum
permittivity and permeability respectively. They are related to vacuum speed of light
by c = (ε0µ0)1/2.
For the purpose of Chapter 2, we solve Maxwell equations for harmonic fields with a
e−iωt time dependence. Therefore all time derivates in Eq. C.1 to Eq. C.4 are replaced
by −iω:
∇ · ~D = 0, (C.7)
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∇ · ~B = 0, (C.8)
∇× ~E = iωµ0 ~H, (C.9)
∇× ~H = −iω ~D, (C.10)
A medium is said to be linear if the relation between the polarization density ~P and
the electric field ~E is linear:
~P = ε0χe ~E. (C.11)
The constant χe is called electrical susceptibility. Introducing this expression into C.5
we have
~D = ε ~E, (C.12)
where
ε = ε0 (1 + χe) = ε0n2, (C.13)
is the electric permittivity of the medium, n is the refractive index of the medium. The
ratio εr = ε/ε0 is the relative permittivity or dielectric constant. Taking the curl of







Now using the identity ∇×∇× ~A = −∇2 ~A+∇(∇ · ~A) we obtain






In this particular thesis, we only consider homogenous media, which means that ε does
not vary in space. Therefore, using Eq. C.7 and Eq. C.12, we can state that ∇ · ~E = 0.






~E = 0. (C.16)
A similar procedure is follow for the magnetic field ~H. Taking the curl of Eq. C.10 and
using the fact that ∇× ~D = ε∇× ~E because we are treating the homogeneous case; and






~H = 0 (C.17)
Appendix D
Coupled mode theory, expansion
in terms of ideal modes
In the real case, waveguides are never perfect. Always have index inhomogeneities and
slight changes in shape. These imperfections make that modes of the waveguide, can be
coupled among each other. Then, some power is transferred from one mode (guided or
radiation) to other guided modes and also to radiation modes. Power transfer to guided
modes results in signal distortion since each guided mode travels with one particular
group velocity. Power transfer to radiation modes results in waveguide losses since the
power is carried away from the core region. For this reason is very important to know
the amount of coupled power, caused by the different types of waveguide imperfections.
There are different ways to obtain coupled equation systems; this chapter shows the
theoretical fundaments of the coupled mode theory using expansion in terms of ideal
modes.
Taking the general form of the harmonic fields and replacing into Maxwell’s equations
for dielectric mediums, we have
∇× ~H = −iωε0n2 ~E, (D.1)
∇× ~E = iωµ0 ~H. (D.2)
As we say in chapter 2, transversal an longitudinal components of fields are related, so
in this case, we want to find solutions for the transversal components Et and Ht and the




∇t × ~Ht, (D.3)
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∇t × ~Et. (D.4)
To separate completely the transversal fields, we take the curl of Eq. D.1 and Eq. D.2
and use Eq. D.3 and Eq. D.4 to get
1
iωµ0
∇t × (∇t × ~Et) + êz ×
∂ ~Ht
∂z






∇t × ~Ht) + êz ×
∂ ~Et
∂z
= iωµ0 ~Ht. (D.6)
Considering that the refractive index of the ideal waveguide is independent of z, we can
write Eq. D.5 and Eq. D.6 for the transversal field of the ideal waveguide ~Eνt and ~Hνt
1
iωµ0






∇t × ~Hνt) + iβν(êz × ~Eνt) = iωµ0 ~Hνt, (D.8)
here, the sub index ν represent the different modes of the ideal waveguide. Again the








∇t × ~Eνt. (D.10)
We can express the fields of the imperfect waveguide Et and Ht as a linear combination
of the electromagnetic fields of the ideal waveguide, since the guided and radiation modes









where aν and bν are the coupling coefficients and the summation symbol indicate both the
sum over guided and radiation modes. For a same mode, coupling coefficients for electric
and magnetic fields are actually the same. However, the sign of backward traveling
transverse magnetic field components must be reversed so that the direction of energy
flux coincides with the direction of scattered wave, for this reason we have to give a
different coefficient for magnetic field. Replacing Eq. D.11 and Eq. D.12 into Eq. D.5








(êz × ~Hνt) + iωε0(n2 − n20)aν ~Eνt
}
= 0, (D.13)




















Now, in order to know how different modes are related, we have to use the the orthogo-








where P is the optical power (Eq. 2.32) and sµ is a constant whose only purpose is to
keep P positive. sµ = +1 for guided modes with real values of the propagation constant
βµ and sµ = −1 for evanescent modes with imaginary values of βµ. δνµ indicates
Kronecker’s delta expression for discretes indices ν and µ. Multiplying Eq. D.13 by ~E ∗µt
and Eq. D.14 by ~Hµt and integrating over the infinite cross section and applying the
orthogonality relation Eq. D.15, we have
dbµ
dz






















































(n2 − n20) ~E ∗µz · ~Eνzdxdy. (D.20)
The variation of the dielectric constant can be expressed as
































~E ∗µz ·∆ε · ~Eνzdxdy. (D.23)
In order to find solutions for Eq. D.16 and Eq. D.17 first consider they in absence of
coupling, that is Kµν = kµν = 0
dbµ
dz
− iβµaµ = 0, (D.24)
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daµ
dz
− iβµbµ = 0. (D.25)




µ = c+µ eiβµz





µ = c+µ eiβµz = a+µ
b−µ = −c−µ e−iβµz = −a−µ
, (D.27)
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. (D.31)
















(Kµν − kµν)c+ν ei(βµ+βν)z + (Kµν + kµν)c−ν ei(βµ−βν)z
]
. (D.33)
Eq. D.32 and Eq. D.33 represent the evolution of coupling coefficients c+µ and c−µ along
the waveguide.
Appendix E
Normalization of acoustic fields
The general form of acoustic fields are
u = Re[(ur, uφ, uz)e−iΩt], (E.1)
where Ω is the acoustic frequency. It could be written as
u = (|ur|cos(Ωt+ φr), |uφ|cos(Ωt+ φφ), |uz|cos(Ωt+ φz)). (E.2)






For the case KBT  ~ then E = KBT . As the energy is the sum of kinetic and potential
energy therefore from the equipartition theorem we have











and the time average of velocity is defined




[|ur|2sin2(Ωt+ φr) + |uφ|2sin2(Ωt+ φφ) + |uz|2sin2(Ωt+ φz)]dt. (E.6)
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2 + |uφ|2 + |uz|2). (E.8)






2 + |uφ|2 + |uz|2)dV. (E.9)
The integral in z component is obtained straightforward, given the length of the geom-





(|ur|2 + |uφ|2 + |uz|2)dA =
KBT
2 . (E.10)





(|ur|2 + |uφ|2 + |uz|2)dA. (E.11)
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